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ABSTRACT
State estimation consists of updating an agent’s belief given exe-
cuted actions and observed evidence to date. In single agent envi-
ronments, the state estimation can be formalized using the Bayes
filter. Exact estimation can be performed in simple cases, but ap-
proximate techniques, like particle filtering, have been used in more
realistic cases. This paper extends the particle filter to multiagent
settings resulting in the interactive particle filter. The main diffi-
culty we tackle is that to fully represent an agent’s beliefs in such
environments, one has to specify probability distributions over the
physical state and over the beliefs of other agents. This leads to in-
teractive hierarchical belief systems first developed in game theory.
Since the update of such beliefs proceeds recursively, the interac-
tive particle filter samples and propagates on all levels of the belief
hierarchy. We present algorithms, discuss some of their properties,
and illustrate the performance of our implementation using simple
examples.

Categories and Subject Descriptors
I.2.11 [Distributed Artificial Intelligence]: Multiagent Systems

General Terms
Algorithms, Performance

Keywords
Multiagent state estimation, Bayesian Learning, Approximation,
Particle Filters

1. INTRODUCTION
To act rationally, agents need to track the evolution of the state of

the environment over time, based on the actions they perform and
on the available observations. In realistic single agent and multi-
agent settings, the agent faces uncertainty due to both, imperfect
sensors and non-deterministic action outcomes. This results in an
incomplete knowledge about the true state of the world, usually
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represented as a probability distribution and called an agent’s be-
lief. In single agent settings, the state estimation is usually accom-
plished with a technique called the Bayes filter [15]. A Bayes filter
allows the agent to maintain a belief about the state of the world at
any given time, and update this belief each time an action is per-
formed and new sensory information arrives. The convenience of
this approach lies in the fact that the update is independent of the
past percepts and action sequences. Technically, this means that the
agent’s belief is a sufficient statistic: it fully summarizes all of the
information contained in past actions and observations.

The operation of a Bayes filter can be decomposed into a two-
step process:

• Prediction: When an agent performs a new action, at−1, its
prior belief state is updated:

Pr(st|at−1, bt−1) =

∫

st−1

bt−1(st−1)T (st|st−1, at−1)dst−1

• Correction: Thereafter, when an observation, ot, is received,
the intermediate belief state, Pr(·|at−1, bt−1), is corrected:

Pr(st|ot, at−1, bt−1) = αO(ot|st, at−1)
×Pr(st|at−1, bt−1)

where α is the normalizing constant, T and O are the transi-
tion and observation functions, respectively.

An important application of the Bayes filter is in single agent
planning. Specifically, the Bayes filter performs the belief update
step in the POMDP planning framework [12]. However, perform-
ing the exact update is possible only in the simplest environments 1

– in realistic cases one is forced to rely on approximations. One
popular approximation is based on representing beliefs over con-
tinuous state spaces with a finite number of discrete samples, or
particles. Particle filtering propagates the samples forward in time
using the prediction and correction steps above, and generates an
approximate representation of the agent’s updated belief [17].

In multiagent settings matters are more complicated since others’
actions also change the state of the system. A straightforward ap-
proach to extending the Bayes filter to the multiagent case is to con-
sider other agents’ actions as exogenous events (or noise) which oc-
cur with static probability distributions. However, this treats other
agents as random devices and does not capture the other agents’
belief updates over time which, of course, causes changes in their
behavior.

A more refined approach is for the agent to maintain beliefs over
the other agent’s state. 2 The fact that the other agent’s state can
1For continuous spaces strong assumptions of Gaussian beliefs and
linear dynamics lead to Kalman filters and computable updates.
2For clarity we assume that the agent interacts with only one agent.



be described in terms of its beliefs 3 (as well as in terms of other
factors, say, preferences, abilities, etc.) has two important con-
sequences. First, the original agent’s beliefs are necessarily de-
fined over a continuous space so exact update is difficult. This sug-
gests that sampling methods could be convenient approximations.
Second, a nested hierarchy of beliefs obtains which includes other
agent’s beliefs over the original agent’s beliefs, and so on. Such
interactive beliefs have been the subject of much work in game
theory and in theoretical computer science [1, 2, 3, 5, 10, 11, 14].
According to this approach, the multiagent state estimation prob-
lem, therefore, consists of keeping track of other’s beliefs and of
the physical state changes due to actions of all agents.

We explore the second approach and explicitly include compre-
hensive models of the interacting rational agents in the state space.
The models encompass all information influencing the agent’s be-
havior which includes its preferences, capabilities, and beliefs, and
are analogous to types in Bayesian games [10]. In this representa-
tion, the state estimation filter recursively updates an agent’s nested
belief, given the agent’s action and received observation. As in the
case of POMDPs, important applications of the update are in au-
tonomous agent planning in multiagent settings [7, 8].

Of course, as we mentioned, exact filtering is possible in only
the simplest of cases and we propose using the particle filtering
technique for approximating the multiagent state estimation filter.
Mirroring the hierarchical character of interactive beliefs, our ap-
proach involves nested sampling at each of the hierarchical levels
of beliefs. The result is a multiagent version of the basic bootstrap
filter [4, 9] often used in single agent settings, which we call the
interactive particle filter. Particle filters have been employed in
collaborative multi-robot localization [6]; however, the emphasis
was on predicting the position of the robot, and not the decisions
and actions of the other robots. Additionally, to facilitate fast lo-
calization, beliefs of other robots encountered during motion were
considered to be fully observable.

Rest of this paper is structured in the following manner. We in-
troduce our multiagent state estimation filter in Section 2. In Sec-
tion 3, we illustrate the operation of our filter using an example. We
then present the interactive particle filter that approximates the mul-
tiagent state estimation, in Section 4. In Section 5, we empirically
analyze the performance of our particle filter in two multiagent do-
mains. We conclude this paper with a discussion and future work
in Section 6.

2. MULTIAGENT STATE ESTIMATION
The formalism we present in this section follows [8]. Let us con-

sider an agent i, that is interacting with one other agent j. Our
arguments generalize to a setting with more than two agents in
a straightforward manner. Consider a space of physical states S.
Agent j’s belief over S is then a probability distribution over S.
We will call this a 0th level belief, bj,0. Additionally, j can be
modeled by specifying its set of actions Aj , set of observations Ωj ,
transition and observation functions, Tj and Oj , a reward function
Rj , and an optimailty criterion OCj . j’s 0th level model is then
θj,0 = 〈bj,0, Aj ,Ωj , Tj , Oj , Rj , OCj〉. The 0th level models are
therefore POMDPs with the other agent’s actions folded in as noise
into the T , O, and R functions. Agent i’s first level beliefs are de-
fined over the physical states of the world and the 0th level models
of agent j. We call this enriched state space a set of interactive
3Including an agent’s belief in the description of its state is, tech-
nically, not required. However, since actions depend on beliefs it
is convenient to keep track of agent’s beliefs to predict its actions.
Predicting other agent’s actions is, in turn, required to predict the
physical state.

states. In general, let ISi,l denote a set of interactive states defined
as, ISi,l = S × Θj,l−1, for l ≥ 1, and ISi,0 = S, where S is the
set of states of the physical environment, and Θj,l−1, is the set of
(l − 1)th level intentional models of agent j. Let us rewrite θj,l−1
as, θj,l−1 = 〈bj,l−1, θ̂j〉, where θ̂j ∈ Θ̂j , is the agent j’s frame.
We give a recursive bottom-up construction of the state spaces be-
low:
ISi,0 = S, Θj,0 = {〈bj,0, θ̂j〉 : bj,0 ∈ ∆(ISj,0)},

ISi,1 = S ×Θj,0, Θj,1 = {〈bj,1, θ̂j〉 : bj,1 ∈ ∆(ISj,1)},
...

...
ISi,l = S ×Θj,l−1, Θj,l = {〈bj,l, θ̂j〉 : bj,l ∈ ∆(ISj,l)}.
A belief of agent i therefore comprises of finitely nested beliefs

over others’ models and their beliefs about others [1, 2, 3, 10, 11,
14]. 4 Increasing the value of l results in deeper levels of nesting.

One way to express agent i’s beliefs nested to some level l is to
assume that all probability density functions are polynomials. 5 We
construct the belief representation in a bottom-up manner, as fol-
lows. i’s level 0 belief is a probability distribution over S, i.e., a
vector of length |S|. i’s first level belief, which includes a distribu-
tion over j’s level 0 beliefs is represented using a polynomial over
j’s level 0 beliefs, for each state and j’s frame. Formally, bi,1 is rep-

resented by {f1i,1, f
2
i,1, . . . , f

|S||Θ̂j |

i,1 }. Each polynomial fki,1 can be
written in a parametric form: fki,1 = 〈d, c1, c2, . . . , c(d+1)|S|−1〉,
where d ∈ N is the degree, and c ∈ R is a coefficient of f ki,1.
To be a legal probability distribution the areas under the polyno-
mials must sum to 1. i’s level 2 belief is represented using a tuple
of polynomials over the parameters of each of j’s |S||Θ̂i| level 1
polynomials (fkj,1), for each state and j’s frame. Within each tuple,
the first polynomial is defined over the degree d, of f kj,1. For each
d, the remaining (d + 1)|S|−1 polynomials are defined over each
coefficient of fkj,1. In other words, if j’s level 1 belief is represented

by {f1j,1, f
2
j,1, . . . , f

|S||Θ̂i|
j,1 }, then i’s level 2 belief, bi,2, is repre-

sented by {{〈f1i,2, f
2
i,2, . . .〉

1, . . . , 〈f1i,2, f
2
i,2, . . .〉

|S||Θ̂i|}1, . . . ,

{〈f1i,2, f
2
i,2, . . .〉

1, . . . , 〈f1i,2, f
2
i,2, . . .〉

|S||Θ̂i|}|S||Θ̂j |
}. Here the poly-

nomials in each of the innermost tuples represent densities over the
parameters of the corresponding level 1 polynomial of j (that with
the same superscript as the tuple). We specify higher levels of be-
liefs in an analogous way.

As we mentioned before, there are two differences that compli-
cate state estimation in multiagent settings, when compared to sin-
gle agent ones. First, since the state of the physical environment
depends on the actions performed by both agents, the prediction
of how the physical state changes has to be made based on the
predicted actions of the other agent. The probabilities of other’s
actions are obtained based on its models. Thus, we do not assume
that actions are fully observable by other agents. Rather, agents can
attempt to infer what actions other agents have performed by sens-
ing their results on the environment. Second, changes in the models
of other agents have to be included in the update. Specifically, in
the case of intentional models, update of the other agent’s beliefs
due to its new observation has to be included. In other words, the
agent has to update its beliefs based on what it anticipates that the
other agent observes and how it updates.

For ease of comparison with the traditional Bayes filter, we de-
compose our multiagent state estimation filter into two steps:

4Implicit in interactive beliefs is the assumption of coherency [3].
5We use polynomials as a well known representation capable of
approximating any function over Euclidean space to arbitrary ac-
curacy.



• Prediction: When an agent, say i, performs an action at−1i ,
and the other agent j performs at−1j , the predicted belief state
is,

Pr(ist|at−1i , at−1j , bt−1i,l ) =
∫
ist−1:θ̂t−1

j
=θ̂t

j
bt−1i,l (is

t−1)

×Pr(at−1j |θt−1j,l−1)T (s
t−1, at−1i , at−1j , st)

×
∑

ot
j
Oj(s

t, at−1i , at−1j , otj)

×δ(SE
θ̂t

j
(bt−1j,l−1, a

t−1
j , otj)− btj,l−1)d(is

t−1)

(1)
where δ is the Dirac-delta function, SE(·) is an abbreviation
for the belief update, Pr(at−1j |θt−1j,l−1) is the probability that
at−1j is Bayes rational for the agent described by θt−1j,l−1, and
T and O are the transition and observation functions respec-
tively, extended to include actions of all agents.

• Correction: When agent i perceives an observation, oti , the
corrected belief state is a weighted sum of the predicted be-
lief states for each possible action of j,

Pr(ist|oti, a
t−1
i , bt−1i,l ) = α

∑
a

t−1

j
Oi(s

t, at−1i , at−1j , oti)

×Pr(ist|at−1i , at−1j , bt−1i,l )
(2)

where α is the normalizing constant.

In the multiagent state estimation presented above, when j is
modeled using an intentional model, i’s belief update will invoke
j’s belief update (via the term SEθ̂t

j
(bt−1j,l−1, a

t−1
j , otj)), which in

turn will invoke i’s belief update and so on. This recursion in belief
nesting will bottom out at the 0th level. At this level, belief update
of the agent reduces to a Bayes filter.

In a manner similar to the single agent Bayes filter, the fol-
lowing proposition holds for the multiagent state estimation filter.
The proposition results from noting that Eq. 2 expresses the be-
lief in terms of parameters of the previous time step only. A com-
plete proof of the state estimation filter and this proposition appears
in [8].

PROPOSITION 1 (SUFFICIENCY). Agent i’s current belief, i.e.
probability distribution over the set S×Θj,l−1 is a sufficient statis-
tic for the past history of i’s observations.

3. EXAMPLE: MULTIAGENT TIGER GAME
We analyze the operation of our multiagent state estimation filter

using a simple example.
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Figure 1: Example level 1 belief of agent i. Here, i is unin-
formed about j’s beliefs.

3.1 Description
The multiagent tiger game resembles a game-show like situation

in which there are two doors, behind one is a tiger ready to eat any-
one who opens the door, and behind another is a pot of gold. The

game is played by two agents, i and j, who are unaware of where
the gold is, and each can either open any one of the doors, or listen.
The tiger emits a growl periodically, which reveals its position but
only with some certainty. Additionally, each agent can also hear a
creak with some certainty, if the other agent opens a door. We will
assume that neither agent can perceive other’s observations nor ac-
tions. The transition, reward, and observation functions describing
the game appear in [8]. In such a situation, what is the sequence of
actions conditioned on observations that each agent should take to
maximize its gains over a period of fixed number of steps?

When an agent makes its choice in the multiagent tiger game, it
has to consider what it believes about the location of the tiger, as
well as whether the other agent will listen or open a door, which
in turn depends on the other agent’s beliefs. For the purpose of
illustration, let us now make a simplifying assumption: Agent i is
aware of all of agent j’s properties except its belief. Therefore, i is
uncertain only about j’s beliefs.

An example level 1 belief state of i is one in which i is unin-
formed about j’s beliefs, and believes with equal probability that
the tiger is behind one of the two doors. In Fig. 1, we show this
belief state. Using polynomials, we express this belief, bi,1, us-
ing the polynomials {fTL

i,1 , f
TR
i,1 }, where the polynomials fTL

i,1 =

fTR
i,1 = 〈0, 0.5〉. Note that i’s belief over the location of the

tiger is computed by marginalizing away j’s beliefs. As an ex-
ample level 2 belief of i, consider a belief in which i considers
increasingly complex level 1 beliefs of j (i.e. fj,1 with increas-
ing degrees) less likely (Occam’s Razor), and is uninformed of
the location of the tiger. We express the level 2 belief, bi,2, using
{{〈f1i,2, f

2
i,2, . . .〉

TL, 〈f1i,2, f
2
i,2, . . .〉

TR}TL, {〈f
1
i,2, f

2
i,2, . . .〉

TL,

〈f1i,2, f
2
i,2, . . .〉

TR}TR}. Here, f1i,2 in each tuple is the parametric
form of the normalized Taylor series expansion of 2−d defined over
the degree d of j’s level 1 polynomials: α

∑∞
n=0

1
k!
(−1)nln(2)n(d−

dmax)
n, where α is the normalizing constant and dmax is an upper

bound on d. 6 The remaining upto dmax + 1 polynomials in each
tuple are p.d.f.s over the coefficients of j’s level 1 polynomials and
are of degree 0.

3.2 Operation of the State Estimation Filter
Let us trace the exact filtering process for a simple level 1 belief

using the multiagent tiger game. In Fig. 2, we display an example
trace of the state estimation that starts with a prior belief and then
assumes that agent i listens and hears a growl from the left and no
creaks.

As we mentioned, state estimation for agent i involves solving
θj,0 which is a traditional POMDP in which we assume that i’s
actions are ”folded” in with a probability of 0.33, 0.33, and 0.33
for OL, L, and OR, respectively (akin to ascribing a no-information
model to agent i). The corresponding two steps to go policy of j
prescribes OL when bj,0 < 0.1, L when 0.1 < bj,0 < 0.9, and OR
when 0.9 < bj,0 < 1. When bj,0 = 0.1, OL and L are executed
with a probability of 0.5 each, and at 0.9, L and OR are executed
with equal probabilities.

Fig. 2(a) depicts the prior according to which i is uninformed
about j’s beliefs. Fig. 2(b) is the result of the prediction step after
i’s listening action (L). The first column of (b) shows i’s belief after
it has listened and given that j also listened (j listens when its be-
lief is between 0.1 and 0.9). The two observations j can make, GL
and GR, each with probability dependent on the tiger’s location,
give rise to flat portions representing what i knows about j’s belief
in each case. The second column of (b) shows i’s belief after i has

6We use 2−K(x) where K(·) is the Kolmogorov complexity as a
mathematical formalization of Occam’s razor [13].
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Figure 2: State estimation in the multiagent tiger game. (a) is the level 1 prior belief. (b) is the result of prediction given i’s listening
action, and a pair denoting j’s action and observation. (c) is the result of correction after i observes 〈GL,S〉. (d) depicts the result
of another belief update after i listens and receives 〈GL,S〉.

listened and j has opened the left (j’s belief is less than or equal to
0.1) or right door ( j’s belief is greater than or equal to 0.9). The
plots are identical for each action and only one of them is shown.
In this case, i knows that j has no information about the tiger’s
location in this case. Fig. 2(c) is the result of correction after i ob-
serves tiger’s growl on the left and no creaks 〈GL,S〉. The plots in
(c) are obtained by performing a weighted summation of the plots
in (b). The probability i assigns to TL (0.85) is now greater than
TR (0.15), and information about j’s beliefs allows i to refine its
prediction of j’s action in the next time step. In particular, while
agent i in column (a) believed that j would listen, open-left, and
open-right with probabilities 0.8,0.1,and 0.1 respectively, in col-
umn (c), i believes these probabilities to be 0.95, 0.013, and 0.037
respectively. Fig. 2(d) illustrates the posterior after another step of
the belief update during which i again listens and hears a 〈GL,S〉.

4. INTERACTIVE PARTICLE FILTER
As we mentioned, there is a continuum of intentional models of

an agent. Since an agent is unaware of the true models of inter-
acting agents ex ante, it must maintain a belief over all possible
candidate models. This precludes practical implementations of our
multiagent state estimation filter for all but the simplest settings,
and approximate implementations are critically required.

The general algorithm for the basic particle filter appears in [4].
We shall concentrate on a specific implementation of this algo-
rithm, that has previously been studied under various names such as
Monte Carlo localization, survival of the fittest, and bootstrap filter.
We extend this implementation to the multiagent state estimation
filter presented in Section 2, and call it the interactive particle filter.
Our extension to the multiagent case, similar to basic particle filter-
ing, requires the key steps of importance sampling and selection.
The resulting algorithm, inherits the convergence properties of the
original algorithm [4]. The extension to the multiagent setting turns
out to be non-trivial because we are faced with an interactive belief
hierarchy.

The interactive particle filter described in Fig. 4 requires an ini-
tial set of N particles, b̃t−1k,l , that is approximately representative of
the agent’s belief, along with the action, at−1k , the observation, otk,
and the level of belief nesting, l > 0. Each particle in the sample
set represents the agent’s possible interactive state. Here, k will
stand for either agent i or j, and −k for the other agent, j or i, as

Function PRIORSAMPLE({f1k,l, . . . , f
I
k,l}, l > 0) returns b̃k

1. for n from 1 to N do
2. Sample s(n) ∼ U(1, 2, . . . , |Sk|), θ̂

(n)
−k ∼ U(1, 2, . . . , |Θ̂−k|)

3. if (l=1) then
4. Sample b(n)−k = 〈Pr(s1), P r(s2), . . . , P r(s|S|−1)〉 ∼ f1k,1
5. is

(n)
k ← 〈s(n), 〈b

(n)
−k , θ̂

(n)
−k 〉〉

6. else if (l=2) then
7. Sample d ∼ f1k,2
8. for i from 1 to (d+ 1)|S|−1 do
9. Sample ci ∼ f i+1k,2

10. f−k,1 ← 〈d, c1, . . . , c(d+1)|S|−1〉

11. b̃
(n)
−k ← PRIORSAMPLE({f−k,1}, 1)

12. is
(n)
k ← 〈s(n), 〈̃b

(n)
−k , θ̂

(n)
−k 〉〉

13. else
14. for i from 1 to (1 + (dmax + 1))

l−2·

(1 + (dmax + 1)
|S|−1) step 1 + (dmax + 1) do

15. Sample d ∼ f ik,l
16. for j from 1 to (d+ 1) do
17. Sample cj ∼ f i+jk,l

18. f−k,l−1
∪
← {〈d, c1, . . . , cd+1〉}

19. b̃
(n)
−k ← PRIORSAMPLE(f−k,l−1, l − 1)

20. is
(n)
k ← 〈s(n), 〈̃b

(n)
−k , θ̂

(n)
−k 〉〉

21. b̃k
∪
← {is

(n)
k }

22. return b̃k
end function

Figure 3: Algorithm for sampling from nested beliefs using a
polynomial, fki,l = 〈d, c1, c2, . . .〉, based representation for the
p.d.f.s. at each level. Here, k denotes either agent i or j, and
−k denotes j or i respectively.

appropriate. We generate b̃t−1k,l by recursively sampling N particles
from beliefs represented using polynomials at each level of nest-
ing (see the PRIORSAMPLE algorithm in Fig. 3). For simplicity
of presentation, we assume that the agent uses the same polyno-
mial for each state and other’s frame. This means that the agent
believes each physical state and other’s frame to be equally likely.
The procedure generalizes immediately to the case where the agent



Function I-PARTICLEFILTER(̃bt−1k,l , a
t−1
k , otk, l > 0)

returns b̃tk,l
1. b̃tmp

k,l ← φ, b̃tk,l ← φ
Importance Sampling

2. for all is(n),t−1k = 〈s(n),t−1, θ
(n),t−1
−k 〉 ∈ b̃t−1k,l do

3. Pr(A−k|θ
(n),t−1
−k )← SOLVEMODEL(θ(n),t−1−k , l − 1)

4. Sample at−1−k ∼ Pr(A−k|θ
(n),t−1
−k )

5. Sample s(n),t ∼ Tk(S
t|at−1k , at−1−k , s

(n),t−1)
6. for all ot−k ∈ Ω−k do
7. if (l = 1) then
8. b

(n),t
−k ← LEVEL0BELIEFUPDATE(b(n),t−1−k , at−1−k , o

t
−k)

9. θ
(n),t
−k ← 〈b

(n),t
−k , θ̂

(n)
−k 〉

10. is
(n),t
k ← 〈s(n),t, θ

(n),t
−k 〉

11. else
12. b̃

(n),t
−k ← I-PARTICLEFILTER(̃b(n),t−1−k , at−1−k , o

t
−k, l − 1)

13. θ
(n),t
−k ← 〈 b̃

(n),t
−k , θ̂

(n)
−k 〉

14. is
(n),t
k ← 〈s(n),t, θ

(n),t
−k 〉

15. Weight is(n),tk : w(n)t = O−k(o
t
−k|s

(n),t, at−1k , at−1−k )

16. Adjust weight: w(n)t = w
(n)
t ×Ok(o

t
k|s

(n),t, at−1k , at−1−k )

17. b̃tmp

k,l

∪
← (is(n),tk , w

(n)
t )

18. Normalize all w(n)t so that
∑N

n=1 w
(n)
t = 1

Selection
19. Resample with replacement N particles {is(n),tk , n = 1...N}

from the set b̃tmp

k,l according to the importance weights.
20. b̃tk,l ← {is

(n),t
k , n = 1...N}

21. return b̃tk,l
end function

Figure 4: Interactive particle filtering for approximating the
multiagent state estimation filter. A nesting of particle filters is
used to update all levels of the belief.

Function LEVEL0BELIEFUPDATE(bt−1k , at−1k , otk) returns btk
1. Pr(at−1−k )← 1/at−1−k

2. for all st ∈ S do
3. sum← 0
4. for all st−1 ∈ S do
5. Pr(st|st−1, at−1k )← 0
6. for all at−1−k ∈ A−k do
7. Pr(st|st−1, at−1k )

+
← Tk(s

t|st−1, at−1k , at−1−k )Pr(a
t−1
−k )

8. sum +
← Pr(st|st−1, at−1k )bt−1k (st−1)

9. Pr(otk|s
t, at−1k )← 0

10. for all at−1−k ∈ A−k do
11. Pr(otk|s

t, at−1k )
+
← Ok(o

t
k|s

t, at−1k , at−1−k )Pr(a
t−1
−k )

12. btk(s
t)← Pr(otk|s

t, at−1k )× sum
13. Normalize the belief, btk
14. return btk
end function

believes that certain states and frames are more likely than others.
The interactive particle filtering proceeds by propagating each par-
ticle forward in time. However, as opposed to the basic particle
filtering, this is not a one-step process. In order to perform the
propagation, other agent’s action must be known. This is obtained
by solving the other agent’s model (using the algorithm SOLVE-
MODEL described in Fig. 5) to get its policy, and using its belief

Function SOLVEMODEL(θk, l > 0) returns Pr(Ak|θk)

1. b̃0k,l ← {is
(n)
k , n = 1...N |is

(n)
k ∼ bk,l ∈ θk}

Reachability Analysis
2. reach(0)← Sb0

k

3. for t← 1 to T do
4. reach(t)← φ

5. for all b̃t−1k ∈ reach(t− 1), ak ∈ Ak, ok ∈ Ωk do
6. reach(t) ∪

← I-PARTICLEFILTER(̃bt−1k,l , ak, ok, l)
Value Iteration

7. for t← T downto 0 do
8. for all b̃tk,l ∈ reach(t) do
9. U(̃btk,l)← −∞, OPT(̃btk,l)← φ
10. for all ak ∈ Ak do
11. Uak (̃btk,l)← 0
12. for all is(n),tk = 〈s(n),t, θ

(n)
−k 〉 ∈ b̃

t
k,l do

13. Pr(A−k|θ
(n)
−k )← SOLVEMODEL(θ(n)−k , l − 1)

14. for all a−k ∈ A−k do
15. Uak (̃btk,l)

+
← 1

N
R(s(n),t, ak, a−k)Pr(a−k|θ

(n)
−k )

16. if (t < T ) then
17. for all ok ∈ Ωk do
18. sum← 0
19. for all is(n),tk = 〈s(n),t, θ

(n)
−k 〉 ∈ b̃

t
k,l do

20. Pr(A−k|θ
(n)
−k )← SOLVEMODEL(θ(n)−k , l − 1)

21. for all a−k ∈ A−k, st+1 ∈ Sk do

22. sum +
← Ok(ok|s

t+1, ak, a−k)

×T (st+1|s(n),t, ak, a−k)Pr(a−k|θ
(n)
−k )

23. Uak (̃btk,l)
+
← 1

N
× sum× U(reach(t)[|Ωk|ak + ok])

24. if (Uak (̃btk,l) ≥ U(̃btk,l)) then
25. if (Uak (̃btk,l) > U(̃btk,l)) then
26. U(̃btk,l)← Uak (̃btk,l)
27. OPT(̃btk,l)← φ

28. OPT(̃btk,l)
∪
← ak

29. for all ak ∈ Ak do
30. if (ak ∈ OPT(̃b0k,l)) then
31. Pr(ak|θk)←

1

|OPT(b̃0
k,l
)|

32. else
33. Pr(ak|θk)← 0
34. return Pr(Ak|θk)
end function

Figure 5: Algorithm for recursively solving an agent’s model
given its nested belief. When l = 0, SOLVEMODEL reduces
to solving a POMDP given an initial belief which is carried out
exactly.

(contained in the particle) to find a distribution over its actions (line
3 in Fig. 4). Additionally, analogously to the exact belief update,
for each of the other agent’s possible observations, we must obtain
its next belief state (line 6). If l > 1, updating the other agent’s
belief requires invoking the particle filter for performing its belief
update (lines 12–14). This recursion in depth of the belief nesting
terminates when the level of nesting becomes one, and a level 0 be-
lief update is performed (lines 8–10). Though the propagation step
generates |Ω−k|N appropriately weighted particles, we resample
N particles out of these (line 19), using an unbiased resampling
scheme. A visualization of our implementation is shown in Fig. 6.

Let us now analyze the gains in computation we will accrue us-
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Figure 6: An illustration of the nesting in the interactive par-
ticle filter. Colors black and gray distinguish filtering for the
two agents. Because the propagation step involves updating
the other agent’s beliefs, we perform particle filtering on its be-
liefs. The filtering terminates when it reaches the level 1 nest-
ing, where an exact POMDP (level 0) belief update is performed
for the other agent.

ing our algorithm. First, we focus on the reduction in the number
of agent models that must be solved. In an M+1-agent setting with
the number of particles bounded by N , each particle in b̃t−1k,l of
level l will have M models of level l − 1. Solution of each of
these level l − 1 models will require solving the lower level mod-
els recursively. The upper bound on the number of models that
will be solved is O((MN)l−1). Taking into account that there are
M level l − 1 models in a particle, and N such possibly distinct
particles, we are required to solve O((MN)l) models. Our upper
bound is polynomial in M , compared to O((M |Θ∗|

M )l) models
that need to be solved in the exact case, which is exponential in
M . Here, amongst the spaces of models of all agents, Θ∗ is the
largest space. Typically, N << |Θ∗|

M , resulting in a substan-
tial reduction in computation. Our filtering algorithm demonstrates
substantial computational gains even when we assume that solu-
tions of models are available in constant time (computed offline).
Referring to Fig. 4, in a setting of M+1 agents, recursive calls to
the algorithm will be made O(NM |Ω∗|) times, and the recursion
terminates when the LEVEL0BELIEFUPDATE is executed which
has time complexityO(|S|2|A∗|

M ). Here,A∗ andΩ∗ is the largest
action and observation space respectively, among all such spaces of
the other agents. The total time complexity of our particle filtering
algorithm is O((NM |Ω∗|)

l|S|2|A∗|
M ), compared to that of the

exact case which is O((|S||Θ∗|
M )2|A∗|

MM |Ω∗|)
l|S|2|A∗|

M ).

5. PERFORMANCE
As part of our empirical investigation of the performance of the

interactive particle filter, we show, using a standard distance metric
and visually, that the particle filter approximates the exact multi-
agent state estimation filter closely. For our analysis, we utilize
the two-agent tiger game, that has two physical states, as described
in Section 3, and a two-agent version of the machine maintenance
problem(MM) [16], that has three physical states. For both these
problems, we make the simplifying assumption that models of the
other agent differ only in their beliefs. We use a numerical integra-
tion implementation 7 for the exact filter as the baseline for compar-
7We obtained the points for numerical integration by superimpos-

ison. Because the test problems are rather simplistic (tiger: |S|=2,
|Ai|=|Aj |=3, |Ωi|=|Ωj |=6; MM: |S|=3, |Ai|=|Aj |=4, |Ωi|=|Ωj |=2),
our results should be considered preliminary.
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Figure 8: Performance of the interactive particle filter as a
function of the number of particles, on (i) multiagent tiger
game, (ii) multiagent machine maintenance game.

The lineplots in Fig. 8 show that the quality of the approxima-
tion, as measured by KL-Divergence 8, increases as the number of
particles increases, for both the problem domains. As we may ex-
pect, level 2 belief approximations require considerably more par-
ticles as compared to level 1 approximations, to achieve similar
performance. Also, note that the performance of the interactive
particle filter remains consistent for both the two-state tiger and the
three-state MM problem indicating that our implementation is not
affected by the dimensionality of the underlying state space. Each
data point in the lineplots is the average of 10 runs of our particle
filter. In the case of the tiger game, the posterior used for compari-
son is the one that is obtained after agent i listens and hears a growl
left and no creaks (Fig. 2(c)). For the machine maintenance game,

ing a high resolution regular grid on the interactive state space.
8When the level of nesting of the beliefs is greater than one, we
compute the sum of the average of the KL-Divergences of the lower
level beliefs and the upper level KL-Divergence.
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Figure 7: The exact and approximate p.d.f.s after successive filtering steps. The peaks of the approximate p.d.f.s align correctly with
those of the exact p.d.f.s, and the areas under the approximate and exact p.d.f.s are approximately equal.

Particle Filter Numerical
Belief Game N=500 N=1000 Integration
Level Multiagent 0.148s 0.332s 21.80s
1 Tiger ± 0.001s ± 0.007s ± 0.036s

Multiagent 0.452s 0.931s 1m 18.20s
MM ± 0.009s ± 0.0146s ± 0.45s

Level Multiagent 2m 23.28s 11m 41.30s 51m 12.24s
2 Tiger ± 1.1s ± 1.52s ± 5.66s

Multiagent 1m 37.59s 8m 27.29s 151m 29.48s
MM ± 0.17s ± 1.65s ± 1m 55.73s

Table 1: Comparison of the average running times of our nu-
merical integration and interactive particle filter implementa-
tions on same the platform (Pentium 4, 1.7GHz, 512MB RAM,
Linux).

the posterior obtained after i manufactures and perceives no defect
in the product, is used for comparison. We selected the belief state
in Fig. 1 as the prior level 1 belief of agent i when playing the tiger
game, and analogously for the machine maintenance game. Prior
level 2 belief of i is the one mentioned in Section 3 with dmax = 3.
A comparison of the run times of the state estimation filter imple-
mented using numerical integration and the interactive particle fil-
ter is shown in Fig. 1. Our interactive particle filter implementation
significantly outperforms the numerical integration based imple-
mentation, while providing comparable performance quality. Addi-
tionally, the run times of the numerical integration implementation
significantly increase when we move from the two-state tiger prob-
lem to the three-state machine maintenance problem, in contrast to
the particle filter. This is because numerical integration requires
more points for larger state spaces to maintain comparable quality.
In order to assess the quality of the approximations after successive
belief updates, we graphed the p.d.f.s produced by the interactive
particle filter and the exact filter. The p.d.f.s arising after each of
three filtering steps on the level 1 belief of agent i in the tiger game,
are shown in Fig 7. Each approximate p.d.f. is the average of 10
runs of the particle filter which contained 5000 particles, and is es-

timated using a standard Gaussian kernel. The action/observation
sequence followed was 〈L,GL, S〉, 〈L,GL, S〉, 〈OR,GL, S〉. As
can be seen, the interactive particle filter produces a good approxi-
mation of the true densities.

6. DISCUSSION
Bayes filter has become a cornerstone in the area of single agent

state estimation for partially observable settings. It finds important
applications in robot localization and tracking, as well as POMDP
planning. However, no analogous state estimation filter existed for
multiagent settings. The difficulty lies in modeling the uncertainty
in others’ decisions that entails reasoning with nested interactive
belief systems. In this paper, we have filled this gap, by proposing
a novel multiagent state estimation process for a rational setting
that ascribes sophisticated nested models to others, predicts their
actions using these models, and tracks these models by recursively
updating them.

The agent possibly not knowing the true models of other agents
a’priori forces it to maintain beliefs over a continuum of other
agents’ models, thereby precluding practical implementations of
our state estimation filter for realistic settings. To address this prob-
lem, we use interactive particle filtering to implement the multia-
gent state estimation process approximately. Reflecting the nested
nature of the interactive belief system, the interactive particle filter
maintains sampled representations of belief at all levels of nesting,
and propagates them forward in time. Our experimental results on
simple problem domains indicate reasonable performance, both in
terms of quality of approximation as well as speed of computation.
These positive results pave the way to experiments in more substan-
tive applications, and this is one line of our future work. Another
direction of research is to utilize the interactive particle filter in ap-
proximate planning in multiagent settings. This is analogous to the
use of the traditional particle filter in POMDP planning [17].
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