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Abstract

This paper focuses on the foundational role of interac-
tive epistemology in the problem of generating plans for
rational agents in multiagent settings. Interactive episte-
mology deals with the logic of knowledge and belief when
there is more than one agent. In multiagent settings, we
are interested in not only the agent’s knowledge of the state
of the world, but also its belief over the other agents’ be-
liefs and their beliefs over others’. We adopt a probabilistic
approach for formalizing the epistemology. This paper at-
tempts to answer the question of why we should study the in-
teractive epistemology of agents within the context of multi-
agent planning. In doing so, it motivates the need for a more
detailed examination of the epistemological foundations of
multiagent planning. We conclude this paper with a frame-
work for multiagent planning that explicitly constructs and
reasons with nested belief structures.

1 Introduction

Agents that plan are often only partially aware of the
state of the world they inhabit. Perfect knowledge of the
state though plausible is realistically rare. However, in the
event that we do have perfect knowledge of the state, plan-
ning involves deciding on a sequence of steps from the cur-
rent state that optimize the agent’s preferences or rewards;
this is not inordinately expensive and may be performed in
polynomial time [16]. More relevant is the case where the
agent is uncertain of the state of its environment and must
plan a sequence of steps that optimize its preferences.

We may adopt a Bayesian approach and assume that the
agent has ana’priori belief about the uncertain state of the
environment. An agent’s belief is a probability distribu-
tion over the space of states (assumed discrete) and indi-
cates how likely is it that a particular state is the current
true state of the environment. For example, if an agent has
no information about the state, its belief may be a uniform

distribution. As the agent acts and makes observations, its
beliefs are updated and evolve over time. In order to act
optimally, the agent decides on a sequence of steps that op-
timize its expected preferences given its current beliefs.Be-
cause the beliefs are a sufficient statistic for the history of
the agent’s observations, they are adequate for computing
the optimal actions. While realistic, the planning problem
is computationally complex – PSPACE-Complete [16] for
a finite sequence of actions and undecidable if there is no
limit on the number of lookahead steps. This type of single
agent planning is usually studied within the framework of
partially observable Markov decision processes (POMDPs)
[13, 18].

The problem of planning in multiagent settings is more
complex. This is because the outcomes in terms of the
state and rewards are determined by the joint actions of
all agents.1 Without assumptions on the behaviors of the
other agents, optimizing the agent’s beliefs over the physi-
cal state is insufficient for guaranteeing an optimal plan.2

One such assumption – that forms the cornerstone of much
of the research in game theory – is that ofrationality. In
particular, the assumption is that all agents are assumed to
be rational, everybody knows that everybody is rational, ev-
erybody knows that everbody knows that all agents are ra-
tional and so on,ad infinitum. 3 This assumption provides
the required epistemic condition for the adoption of plans
that are in Nash equilibrium by the agents. In a general
setting where agents could be of differenttypes[11], an ad-
ditional epistemic condition – the common knowledge of a
prior probability distribution over the types of all agents–
is necessary for arriving at a (Bayesian) Nash equilibrium.
In other words, given that we have common knowledge of
rationality (and a prior over the agent types), we may solve

1While situations may exist in which the state and the reward areindi-
vidually determined, these may be seen as special cases of the more general
problem that we study here.

2One reason for this is that in a multiagent setting, an agent’sbelief
over just the state is not a sufficient statistic.

3This assumption is also called the common knowledge of rationality.
See [1, 8] for a formalization of common knowledge.



the multiagent planning problem by computing plans that
are in (Bayesian) Nash equilibrium. Indeed, Nash equilib-
rium allows us to cut through the recursive reasoning that
an agent’s optimal action depends on what the other agents’
actions are, which in turn depend on the other agents’ ac-
tions and so on.

Despite the obvious advantages of equilibrium, adopt-
ing it as a solution concept has several drawbacks: First,
the self-referential nature of the necessary epistemic condi-
tion makes it impossible to model it computationally. Sec-
ond, there could be multiple Nash equilibria with no gen-
eral way to choose between them. Third, Nash equilibrium
does not prescribe what to do if the others fail to follow
their part of the equilibrium. In light of these arguments,
we adopt the decision-theoretic approach that an agent in a
multiagent setting should decide on a sequence of actions
that optimize its preferences given its beliefs. In addition
to having beliefs about the state (which, from here onwards
we will refer to as the physical state for clarity), the agent
has beliefs over the possible behavioral models of the other
agents as well. As the agent acts and receives observations,
its beliefs over both the physical state and the others’ mod-
els are updated over time. This approach, which has been
previously referred to as subjective rationality [14] and a
decision-theoretic approach to game theory [12], has how-
ever received scant attention in the game theoretic literature.

Rest of this paper is structured as follows. In the next
section, we uncover the epistemology that is inherent in in-
teractions in multiagent settings. In Section 3 we briefly
review a framework for individual planning in multiagent
settings that explicitly constructs and deals with recursive
belief structures that naturally occur in multiagent settings.
Finally, in Section 4, we discuss the epistemological com-
mitments that are often assumed of agents and the role they
play in planning.

2 Interactive Epistemology

While our approach appears intuitively simple, admit-
tedly it hides the complexity. In the next subsection, we il-
lustrate how assumptions about others’ behaviors affects ra-
tional choice. In Section 2.2, we uncover the epistemology
that is crucial to interactions and mathematically formalize
it. We briefly review supporting work thereafter.

2.1 An Example: The Centipede Game

The impact of recursive reasoning on an agent’s ratio-
nal action is aptly demonstrated in the two-agent Centipede
game, first introduced by Rosenthal [17]. We show a simple
version of the game in Fig. 1. Agents A and B alternate in
choosing, at each decision node, whether to defect by mov-
ing down or cooperate by moving across the game. If agent

A defects, then the game stops at that point and the rewards
to the two agents are shown in the parenthesis. Whenever
an agent moves across, it incurs a penalty of 1 unit while
the other agent gains a reward of 10 units. Notice that both
agents stand to gain large rewards if they cooperate.

A BAB

(0,0)

(18,18)

(8,19)(9,9)(-1,10)

Figure 1. The two-agent Centipede game.

We are interested in the rational choice of agent A. If
agent A believes that B will defect during its turn, then A
will choose defection over cooperation. However, for B to
choose defection, it must believe that A will defect in its
turn, who in turn must believe that B being a rational player
will choose defection in the final move of the game. Thus, if
the depth of A’s recursive reasoning is identical to the length
of the Centipede game and A believes that B is rational, A
will choose defection over cooperation.

On the other hand, if agent A is unsure of B’s rationality
and believes that B is equally likely to cooperate or defect,
then it will choose cooperation. This is because in its second
move, it will choose to cooperate since its expected reward
from cooperation is 13 as compared to 9 from defection.
As B is equally likely to defect or cooperate, A’s expected
reward from cooperating in the initial move is 6 compared
to -1 from defection, thereby choosing cooperation.

2.2 A Recursive Characterization of the
State Space

In our decision-theoretic approach, though a wide vari-
ety of behavioral models could be ascribed to agents, let
us consider the particular case in which an agent ascribes
intentionalmodels to the others. These models ascribe be-
liefs, capabilities, preferences and Bayesian rationality to
the other agents, and are therefore analogous to POMDPs.
For the sake of clarity, let us consider a two-agent setting
that is populated by agentsi andj. Formally, letΘj be the
set of intentional models ofj whereθj ∈ Θj is defined as:
θj = 〈 bj , θ̂j 〉. Here,bj is agentj’s belief which is a proba-
bility distribution over the states,bj ∈ ∆(S), ∆(·) denotes
the set of probability distribution andS is the set of states,
and θ̂j denotes the remaining parameters of the model in-



cluding the capabilities and preferences4.
As we mentioned before, we expand the state space to

include the intentional models as well, and call the new
state space as theinteractivestates of the agenti, ISi =
S × Θj , whereS is the physical state space.5 Agent i’s
belief is now a distribution over the interactive state space,
bi ∈ ∆(ISi). Notice that because the interactive state space
consists of the other’s intentional models which in turn in-
clude the other’s beliefs, agenti’s belief is a distribution
overj’s beliefs. Also notice thatj could itself be reasoning
in a similar way, therefore,j’s belief could itself be a prob-
ability distribution overi’s beliefs. This argument may be
applied recursively. We formalize this recursive description
of the interactive state space next.

Consider a space of physical statesS. Agent j’s belief
overS is then a probability distribution overS. We will call
this a0th level belief,bj,0. Agentj’s 0th level model is then
θj,0 = 〈bj,0, θ̂j〉. The0th level models allow us to cap the
otherwise self-referential epistemology of the agents. These
models could be POMDPs with the other agent’s actions
folded in asnoiseinto theT , O, andR functions. Agenti’s
first level beliefs are defined over the physical states of the
world and the0th level models of agentj. The second level
beliefs are distributions over the physical state and agentj’s
1st level models. We give the recursive bottom-up construc-
tion of the state spaces below:

ISi,0 = S, Θj,0 = {〈bj,0, θ̂j〉 : bj,0 ∈ ∆(ISj,0)},

ISi,1 = S × Θj,0, Θj,1 = {〈bj,1, θ̂j〉 : bj,1 ∈ ∆(ISj,1)},

ISi,2 = S × Θj,1, Θj,2 = {〈bj,2, θ̂j〉 : bj,2 ∈ ∆(ISj,2)},
...

...
(1)

Possible infinite nestings of agents’ beliefs in intentional
models present an obvious obstacle to computing the belief
updates and plans. Models with infinite nestings correspond
to agent functions that are not computable.6 Therefore, it
is only natural that we look toward bounding the nestings to
finite levels. Letl be the finite level of recursion, andISi,l

andΘj,l be thelth level interactive state space and set of
intentional models, respectively. We define it as:

ISi,l = S × Θj,l−1, Θj,l = {〈bj,l, θ̂j〉 : bj,l ∈ ∆(ISj,l)}.

We observe that limiting the agent’s recursive beliefs to a fi-
nite nesting level is an approximation of the full optimality
(or rationality) of the agent. However, this approximation

4If the model is a POMDP, then̂θj = 〈 Aj , Ωj , Tj , Oj , Rj , OCj 〉,
where the parameters have their usual meanings.

5If there are more agents interacting with agenti, K > 2, thenISi =
S ×K−1

j=1
Θj

6An agent function is a mapping from the agent’s observation history to
a distribution over its actions:Ω∗

j → ∆(Aj). Because there are uncount-
ably infinite of these of which only countably infinite are computable, a
large proportion of agent functions are not computable.

becomes necessary in light of the computational ramifica-
tions.

We address the remaining issue of focusing solely on
intentional models. While settings populated by rational
agents have, by far, received the greater attention from re-
searchers, the possibility that the other agent could be subin-
tentional cannot be ruled out.7 Let Mj,l be the general
space of all computable models inclusive of the levell inten-
tional models. In our previous analysis,Mj,l = Θj,l. How-
ever, ifSMj is the set of subintentional models, thenMj,l

= { Θj,l ∪ SMj }. We may replaceΘj in Eq. 1 withMj

to obtain a recursive characterization of the interactive state
space that includes subintentional models as well. Consid-
ering subintentional models has the additional benefit thatit
allows the epistemology to transcend from a normative one
to being descriptive as well.

2.3 Related Work

The foundational role of epistemology in multiagent in-
teractions and the need to study it has been recognized pre-
viously. Recursive characterizations of state spaces analo-
gous to the one in Eq. 1 have appeared previously in the
game theoretic literature [3, 7, 15] where they have led to
the definitions ofhierarchical belief systems. Hierarchical
beliefs have been offered as mathematical formalizations
of the agenttypesthat were introduced by Harsanyi [11]
to make incomplete information games tractable. This is
because under the assumption of coherency of the beliefs,
a hierarchical belief system induces a distribution over the
possible types of the other agents. Prior to this line of work,
Aumann [1, 2] formally studied the interactive epistemol-
ogy of agents and provided a set-theoretic formalization of
the knowledge and beliefs of agents using the concept of
information partitions.

3 Multiagent Planning Using Interactive
POMDPs

In this section, we briefly review a framework called
the Interactive POMDP (I-POMDP) [9, 10] that general-
izes POMDPs to multiagent settings. I-POMDPs explicitly
model and reason with the nested belief systems shown in
Eq. 1 made computable by considering a finite nesting level,
l. I-POMDPs do not assume the common knowledge of ra-
tionality or the common knowledge of a prior probability
distribution over the types of all agents. Instead, they adopt
a Bayesian approach according to which an agent maintains
a belief over the physical state as well as the candidate mod-
els of the other interacting agents.

7This is especially relevant since we no longer assume the common
knowledge of rationality.



3.1 Definition

We will limit the discussion to intentional models, anal-
ogous totypesin Bayesian games, which include all private
information influencing an agent’s behavior. However, I-
POMDPs may be easily extended to include subintentional
models as well. For simplicity of presentation, let us con-
sider an agent,i, that is interacting with one other agent,
j.

I-POMDP A finitely nested interactive POMDPof
agenti, I-POMDPi,l, is:

I-POMDPi,l = 〈ISi,l, A, Ti,Ωi, Oi, Ri〉

where:
• ISi,l denotes a set of interactive states defined as,ISi,l =
S × Θj,l−1, for l ≥ 1, andISi,0 = S, whereS is the set
of states of the physical environment, andΘj,l−1 is the set
of (l − 1)th level intentional modelsof agentj: θj,l−1 =
〈bj,l−1, A,Ωj , Tj , Oj , Rj , OCj〉. bj,l−1 is the agentj’s be-
lief nested to the level(l−1) andOCj is j’s optimality crite-
rion. Rest of the notation is standard. For the sake of conve-
nience, let us rewriteθj,l−1 as,θj,l−1 = 〈bj,l−1, θ̂j〉, where
θ̂j ∈ Θ̂j includes all elements of the intentional model other
than the belief and is called the agentj’s frame. A detailed
inductive definition of the interactive state space was shown
in Section 2.
• A = Ai ×Aj is the set of joint moves of all agents, where
Ai andAj are the actions of agentsi andj respectively.
• Ti is a transition function,Ti : S ×A× S → [0, 1] which
describes results of agents’ actions
It is assumed that actions can change only the physical state
of the world, see [9].)
We assume that actions do not directly change the other
agent’s models.
• Ωi is the set of agenti’s observations.
• Oi is an observation function,Oi : S × A × Ωi → [0, 1]
which gives the likelihood of receiving an observation from
a particular state given the joint moves of all agents.
• Ri is defined as,Ri : ISi × A → R. While an agent is
allowed to have preferences over physical states and models
of other agents, usually only the physical state will matter.

A more detailed definition of this framework and its
properties appears in [9]. Henceforth, in this paper, we will
refer to finitely nested I-POMDPs as simply I-POMDPs.

3.2 Belief Update

There are two differences that complicate a belief update
in multiagent settings, when compared to single-agent ones.
First, since the state of the physical environment depends
on the actions performed by both agents, the prediction of
how the physical state changes has to be made based on the
predicted actions of the other agent. The probabilities of

other’s actions are obtained based on its models. Second,
changes in the models of the other agent – update of the
other agent’s beliefs due to its new observation – has to be
included. In other words, the agent has to update its beliefs
based on what it anticipates that the other agent observes
and how it updates. Formally, we have:
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∑

ISt−1:m̂
t−1

j
=θ̂t

j

bt−1

i,l (ist−1)

×
∑

a
t−1

j
Pr(at−1

j |θt−1

j,l−1
)Oi(s

t, at−1

i , at−1

j , ot
i)

×Ti(s
t−1, at−1

i , at−1

j , st)
∑

ot
j
Oj(s

t, at−1

i , at−1

j , ot
j)

×δD(SE
θ̂t

j

(bt−1

j,l−1
, at−1

j , ot
j) − bt

j,l−1
)

(2)
whereβ is the normalizing constant,δD is the Dirac-delta
function,SE(·) is an abbreviation for the belief update, and
Pr(at−1

j |θt−1

j,l−1
) is the probability thatat−1

j is Bayes ratio-

nal for the agent described by modelθt−1

j,l−1
. 8 The proof is

in [9].
For better understanding of the belief update, we decom-

pose the I-POMDP belief update (Eq. 2) into two steps:
• Prediction: When an agent, sayi, performs an action

at−1

i , and agentj performsat−1

j , the predicted belief state
is,
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• Correction: When agenti perceives an observation,
ot

i, the corrected belief state is a weighted sum of the pre-
dicted belief states for each possible action ofj,

Pr(ist|ot
i, a

t−1

i , bt−1

i,l ) = β
∑

a
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whereβ is the normalizing constant.
If j is also modeled as an I-POMDP, theni’s be-

lief update invokes j’s belief update (via the term
SE

θ̂t
j

(bt−1

j,l−1
, at−1

j , ot
j)), which in turn invokesi’s belief up-

date and so on. This recursion in belief nesting bottoms out
at the0th level. At this level, belief update of the agent re-
duces to a POMDP belief update.9 For additional details
on I-POMDPs, and how they compare with other multia-
gent planning frameworks, see [9].

8When j’s model is sub-intentional, the integration is over
ISt−1 : m̂t−1

j = m̂t
j , Pr(at−1

j |θt−1

j,l−1
) is replaced with

Pr(at−1

j |mt−1

j,l−1
), and δD(SE

θ̂t
j

(bt−1

j,l−1
, at−1

j , ot
j) − bt

j,l−1
) is re-

placed withδK(APPEND(ht−1

j , ot
j)−ht

j). δK is the Kronecker delta,
andAPPEND returns a string with the second argument appended to the
first.

9The 0th level model is a POMDP: other agent’s actions are treated as
exogenous events and folded into T, O, and R.



The fact that Eq. 2 expresses the belief in terms of param-
eters of the previous time step only shows that an agent’s
belief over the physical state and the other agent’s models
is a sufficient statistic (Proposition 1).

Proposition 1. (Sufficiency)In a finitely nested I-POMDP
of agenti, i’s current belief, i.e., the probability distribution
over the setS × Θj,l−1, is a sufficient statistic for the past
history ofi’s observations.

The proof of Proposition 1 is given in [9]. As we men-
tioned before, Proposition 1 implies that the updated beliefs
are sufficient for deciding on an optimal sequence of ac-
tions. A way of doing this is shown next.

3.3 Solution

Each levell belief state in I-POMDP has an associated
value reflecting the maximum payoff the agent can expect
in this belief state:

V t(〈bi,l, θ̂i〉) = max
ai∈Ai

{∑
is

ERi(is, ai)bi,l(is)+

γ
∑

oi∈Ωi

Pr(oi|ai, bi,l)V
t−1(〈SE
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}

(3)
where, ERi(is, ai) =

∑
aj

Ri(is, ai, aj)Pr(aj |θj,l−1)

(sinceis = (s, θj,l−1)). Eq. 3 is a basis for value itera-
tion in I-POMDPs, and may be implemented using dynamic
programming.

Agenti’s optimal action,a∗

i , for the case of finite horizon
with discounting, is an element of the set of optimal actions
for the belief state,OPT (θi), defined as:

OPT (〈bi,l, θ̂i〉) = argmax
ai∈Ai

{∑
is

ERi(is, ai)bi,l(is)+

γ
∑

oi∈Ωi
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t−1(〈SE

θ̂i
(bi,l, ai, oi), θ̂i〉)

}

4 Discussion

Interactive epistemology is the study of knowledge and
beliefs of agents participating in an interaction. Becausethe
outcomes of the interactions in terms of the physical state
and the reward depend on the joint actions of all agents,
assumptions about the behaviors of the agents assume sig-
nificance. In this regard, a common assumption has been
the common knowledge of rationality of all agents, which
is also one of the necessary epistemic conditions for adopt-
ing Nash equilibrium as a solution concept. The other is
the knowledge of the rewards of the other agents (or the
distribution over possible reward functions in imperfect in-
formation settings). If the agents are Bayesian, their ratio-
nal behaviors are conditioned on their beliefs. Thus knowl-
edge about the beliefs of others gains importance in interac-
tive settings. Because other agents’ beliefs are private and

therefore not perfectly observable, agents would have be-
liefs over others’ beliefs. This argument may be applied
recursively resulting in the so called hierarchical beliefsys-
tems.

While the importance of belief systems is well estab-
lished, their computability has long been suspect.10 We
have sought to make them tractable by limiting our at-
tention to finitely nested beliefs which precludes the self-
references that have formed the basis of the arguments of
non-computability. However, this makes planning using
finitely nested belief systems necessarily suboptimal. In-
deed, there is some evidence thatoptimaldecision-making
in interactive settings is computationally impossible [4].

The I-POMDP framework for individual planning in
multiagent settings is a step in this direction. By show-
ing how we may revise an agent’s belief at all levels of the
finitely nested belief system, it offers an approach for de-
ciding on a sequence of actions that is optimal given the
agent’s nested belief system. The approach contributes to
a growing focus on dynamic interactive epistemology [5]
which studies not only agents’ static knowledge and beliefs
but also how the knowledge and beliefs are revised as the
agents act and observe.
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